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CONSTRUCTION OF REFINED APPLIED THEORIES FOR
A SHELL OF ARBITRARY SHAPE

N. A. BAZARENKO

Basic equations of the theory of elasticity are given in a semi-orthogonal curvi-
linear coordinate system in which one of the families of the coordinate surfaces is
parallel to the middle surface of the shell.

Symbolic notation of Lur‘e /1/ is used to obtain a solution of the problem of
the theory of elasticity for a shell, in terms of a series in powers of the normal
coordinate. The solution is then used to reduce the three-dimensional problem to
two dimensions and to express all characteristic features of the stress and deforma-
tion states of the shell in terms of six functions, namely the coordinates of the
displacement and stress vectors defined on the middle surface. Use of the first
two terms of the series obtained yields an applied theory free of any hypotheses
and intended for removing the external load from the front surface of the shell. A
similar approach to the problem of constructing applied theories was first used in
/2— 4/ which made wide use of the resources of tensor analysis.

1. Semiorthogonal curvilinear coordinate system. We introduce the following
notation. V is the region of space occupied by the material of the shell, R is radius vector
of the running point (z,y, z) of this region, S is the middle surface of the shell, r=r (a, B)
is some orthogonal parametrization of this surface and n is the unit vector normal to the surface §.

Within the notation used, the ecuation —r +nt (1.1)

determines, in the region V, a curvilinear a, p,%-coordinate system. By virtue of (1.1) the
arc length element ds is given by the quadratic differential form

ds* = dR? = (dr + tdn + ndf)? 1.2)
Let us consider three quadratic forms associated with the surface §: dr?, —drdn and dn?

We have
de* = Edo® + Gdp?, dn® = —Hdrdn — kk,de®, —drdn = Lda?® + 2Mdadp + Ndp* (H =k, + k)  (1.3)
Here k, and k, are the principal curvatures of the surface S, and E, G, L, M and N denotes

the coefficients of the first and second quadratic form. Now, substituting (1.3) into the
right-hand side of (1.2) and taking into account the fact that

m? = koky — kyky, H=1ho +hy, ka=L/E m=MI|VEG ky=NIG (1.4)
we obtain
ds? = gy diidz® (a=2', Pp=2a% t=12%, g,=E[(1 —kat)? +m’], g=GI(1 —Fkat)* +m*] (1.5)

gas=1, gu=m VE—G (HE* —2t), g3=8s3=0, g=det| gl = EG — kt)’(1 — kjt)*

Here the quantities kg and m (k and —m) are, respectively, the normal curvature and the geo-
desic torsion of the surface S in the direction of the coordinate line = comst (@ = const) .

If the coordinate grid (@, f) on § coincides with the lines of curvature, then the func-
tion g, =0 and the a, P, t- coordinate system will be orthogonal. In this connection we
note the class of shells the middle surface of which is formed by the motion of a plane line

I, (generatrix) along the spatial line [, (directrix).

Let z==z(u), y=y (1) and r, = r, (v) represent a natural parametrization of the lines I
and I, respectively; n,= n,(y) and by = b, (v) the unit vectors of the principal normal and
binormal of the line [,, and k=% (), t =t (v) its curvature and torsion. Then the para-
metrization

v(u, V)=19 +nyn, +byn,, my=zcosP + ysiny, my=ycosPp — zsinPp, 1p=S'r(v)dv
specifies, on the surface S,a coordinate grid (u, v) consisting of the lines of curvature,
with the lines v = const being geodesic. In the u, v, f-coordinate system the quadratic
form (1.5) has the form

= (1 — kP du? + G (| — B do® + dt, G= (1 —kmy), ky=2"/y, ky= (m)' k/ (1 — kmy)

2. Basic equations of the theory of elasticity in curvilinear coordinates
Let us consider the second fundamental problem of the theory of elasticity when the values
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of the vector of intensity of external forces q are given on the surface S* enclosing the
shell. The displacement vector U satisfies in the region V the equilibrium equation

(x — 1) rotrot U + grad divU =0 (x =1/ (2 — 2v)) (2.1)

with the boundary condition S* given.

Let us further consider the orthonormal local basis i, i,, i where 1, and iz are unit
tangents to the coordinate lines 2% 2, and i, =i, X i; is the unit normal to the coordin-
ate surface z!:=const. The unit vectors (i;, i,, i;) satisfy the relations

. —_— . —_ . -— . 2.2)
el =i, ngz lg, = —ig,/ Vgg22 + i,/ ngzr ed =i, (

DUy = igzy — iyzy, D%y = hyzy + 142y, Dy = iz
Dliy== iyzy + lgzg, D%, = gz — iyzy, DBl = iz,
Dliy = —izy — 1,2y, D%, = —ijzy — 1z, D%y =0, V= ¢€d/ 97 = i,D*
D' =Vgn g0/ oa— (8! V88m) 0/ 3P, D* = (Vign)* d/dp, D*°=0/0t
2= mG/ g, = (V@) (V Ba)a — &/ V'], 2=
—(In ngz)t zy = (V g2) ! (In l/g l8al's 2a =g + 82—z, &=Fk/l(1~— kit)
The functions ‘z; conform to the Peterson— Codacci equations

D%, — D'z, = 222, + 2, (2, — 23), (21)) = 72, + D%, (2.3)
Dz, — D2y = 2302, + 2, (25 — 25), (2)¢ = 2 — 2’
818 = —5" — 2" — D'zy — D%y, (20)e" = 2242,

Let px denote the stress vector at the surface with normal i,. Then the physical com-—
ponents of the stress tensor osx* can be found using the representation of the stress vector
pr in terms of the displacement vector U. We have

(2.4)

2v . . i P $ .
T—2v ixdiv U) B (Pk = Z Osilg, U= Z us*l!)

s=1 =1

pe=p(2D"U + i X rot U +

Here v in the Poisson's ratio and p is the shear modulus. Now, taking into account the rela-
tions (2.2), we obtain
DU = i, Dlu* + uy*z, — ug*zy) + . .. (2.5)

DM =iy (D%uy® — up*zy — ug¥zg) + Iy (D%u* + w*z — ugz) + . ..
DU = iy [(*) — up*z,] + B [(*) + w*z] + g (ua*)!
3
rot U=V X U= D wly, o1=D%s* — (us*) + us*z
k=1
0y = (@*) — Dlug* — 2u%zy — wy*z5, 05 = 0 (u*, —1y¥)

divU = VoU = 0 (u*, u®) + (™) — us* (5 +2), 0wy, w) = (D' + z)wy + (D* + z) wy, 2

Substituting into (2.4) the corresponding quantities from (2.5) and (2.6) we obtain, for i, =

I3 » , §
Gy = (ul*)g + ul*z3 -+ Dlua*t Ogp = (uz*)t + u2*24 + 2u1*zo + Dzua* (2.7)
2 —2v , 2v )
O3 = 1T2% (us*)s + T 10 (a*, ue*) — us* (23 + 2,)}
where og = 0g*/ p are dimensionless stresses. Let us solve the equations (2.7) for the
derivatives (u*);. We have
(u,*)y = G4 — w*z, — D'uy¥, (us*)y’ = 03y — wy*z, —2u,*zp — Duy* (2.8)
{ug*)y = (1 — x) 033 + (1 — 22)0 (uy*, w,*) — us® (25 + 2,)]
Replacing in (2.6) the derivative (uy*),’ Dby its expression from (2.8), we obtain
div U= (1 —») 0%, 0* = 055 + 2 [0 (iy*, u,*) —uz* (23 1 z,)] (2.9)
when i = i,, i; we obtain, from (2.4) with (2.5) and (2.9) taken into account,
Oy = (D' — z;) u* + (D? — z) u* — 2ug*z, (2.10)

Ope = 2D%uy* + 2uy*zy — 2ug*z, -+ (2x — 1) 6%

oy = 2DW,* + 2u,*z, — 2ug*zg + (2x — 1) 0*

To find rotrot U, we replace the coordinates u* in (2.5) by the corresponding coordin-
ates y. We have
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3
; . , , 2,11
rotrot U= gl Wiy, Wi= D%s— (we)s' + 024, W, = (00,)) — D'0g — 2042y — 0,2, Wy = 0 (0g, —00y) ( )

Substituting (2.11) into (2.1), we arrive at the following equations of equilibrium in terms
of the displacements:

(w —1) Wy +DfdivU=0 (k=1, 2, 3) (2.12)

Finally, replacing in (2.12) the derivatives (u*),’ by the corresponding expressions from
(2.8) and taking into account the relations (2.3), we obtain

(Oq)’ = (2, + 225) Og + 20492, — 28:851* + D0 (u*, (2.13)
—u*) + D (045 — 2%0%) + 2 (2,D% — z,D") uy*

(Oaa)e’ = (23 + 22,) Ogy — 283800, — D0 (w,*, —uy*) +
D? (043 — 2%0%) + 2 (z,D' — 23D%) ug*

(033) = 2 (33 + 2)(033 — #6*) — 0 (031, o) — 4818a1s™ -+
2 (5, DY — 2D + 242, + 2123) W* + 2 (2aD? — zoD 4 zony + z7,) u,*

In what follows, we shall consider, instead of the system (2.12) of three second order
differential equations, a system of six first order equations in the unknowns ux* and o3,
consisting of the equations (2.8) and (2.13).

3. Construction of applied theories. The variables ux* and dimensionless stresses
Osx are analytic functions of the coordinates of the points belonging to the region V. Con-
sequently, they can be expanded into power series in terms of the coordinate

* 50' o S AL
=) Tl = v O = E—T —s
s at t=0 ] s at
o

s=0
Then, differentiating with respect to t the left and right parts of the equations (2.8}, (2.10)
and (2.13) and calculating the resulting relations at ¢ = (, we obtain an infinite system of
recurrent equations for the unknown coefficients appearing in the series (3.1). Solving the
system mentioned above with help of a symbolic notation, we can write the unknown coefficients
as the outcome of application of certain operators A, ..., Bl to the displacements u;=
u* (e, p,0) and stresses ;= 0j; (a, B, 0) given at the middle surface.
Thus we arrive at the expansions of the form

(3.1)

=0

w* =1y - 3 (A} s+ Bl 05), Opg= 2 1 (Ahg, 45+ Bha, 40)) (3.2)
=1 §==0

Os =03 + D t* (Al u; + Bl 05) (pr9=1,2) (3.3)
S=1

Writing out explicitly the first terms of the series (3.2) and (3.3), we obtain
w* = u, + (0, — 0yug — kouy) + ... (3.4)
w* = uy + t (0, — Ogug — 2muy — kguy) + . ..
ug* = ug 4t {~f105 — ¢ [0 + @) uy + (8 + b) up— Hual} + ...
6y = (4%d, + 2c,a) uy + (26,0, + 4nb) u, + (2kg — 4nH) uy -+ (3.5)

€0 + t {2 1m (e, — ¢40y) + 2%a (ko — kp) — 204 Ho' +
Bmy' | uy + (esdy + c,0) 0y + 2ley (ke — kg) 8, +

cgm (@ — ) + B (kg — 2xH)g'l uy + 2 lka (kg — 2xH) — 3m? —
8,2 — 09y — ¢, A) ug + (0, + csb) 0y + eokgog} + . ..

Oy = (2¢,8, + 4na) uy + (40, + 2¢,b) uy + (ke — 4nH) uy -+
a0y + 1 {2 lesm (b — 0y) + ¢f (hg — ko) 8y + A (ke —
2xH)o') uy + (6,0y + csa) 0y + 2 lcy (kg — ko) b + cym (@ —
)y + B (ko — 2xH)'| uy + {30y + ¢3b) 0, 4+ 2 [m® +
kg (ko — 2nH) — cgA — ady — 0,2) uy + cokpos} + . ..

Oy = (8 — b) uy + (01 — a) uy — 2mug + t {[(hg — ko) 3, +
2m (ce01 + c3a) — Amg — B (ka)a'] uy + [(ka — }fﬁ) 0+
m (4ndy + 20,0) — Bmpg" — A (kp)o] uy + 2 lad, — 9,0y —

m (2nH + kg — ko)l ug + (0, — b) 61 4- (6, — a) 0, +
Moy} + . ..

Oyt = 0y + ¢t {(H + k&) 01 + 2mo, — cs0ho, — [, (3, + b) +

4x0r (91 + @) + 2kiky) wy + (8, (01 + a) — 461 (0, + B uy +
[(4xH — 2kg) 0y + 2md, + 4ndHyY uy) + 12 {Ifsad, —
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cob@y — %,01 -+ Qo) 0y — Ufs (922 - ady) + Yy (57 + b3y) +
Qo 01 — [(c31ka + fokp) di + cuomdy +- Qol 0, — [2x (H +
2kg) 01% + (kg + YoH) 0,2 4 8xmd,0, + Qul uy + [e;m® —

(cniko, + Yskg) 0301 — coamdy® + ] uy + 122 A + Q] uy} +
3 {[dsalA —+- 91] 03 — [malz =+ (2%/1?“ + aglfﬁ) (92(91 -+
m (1 dg) 0,° + Qul 0y — (coka + dakg) 81° + m (2 +
dgs) 0,01 + (kg + Yoka) 85 + ul 01 4 [/3n01A (01 + a) +
VedyA (0, 1 b) + Q) g + [/401A (3y + b) — YedyA (61 +
a) + @l uy + [(dagha + Yykp) 0:° + 2m (der0y0,* + desy®) +
(daska + ks) 3201 + Q) ug) + - . .

Oy = 0y + t {(H + hg) 02 — 10,05 + [01 (0 + ) —
4ud, (0y + )l wy — 10y 3y + a) + 4xdy (@, + b) + hikey) uy +
[(4nH — 2kg) 8, + 2mdy + wBHg'] ug)y + £ {[bd; —
f5a0y — 0,9, + Qol 01 — [, (1 + ady) + fr (9,2 + bdy) +

Qo] 0y — [f4m61 + (fb:ll'a + Calkﬁ) 62 -+ Qo] O3 -+ [m _(2%622 bt

a01?) — (Moha + cnkp) 050) + Q) uy — [(he + Yo H) 6° +

2mdy0y + 2 (H + 2kg) 8,2 + Qi uy + [2%0,A + ) us} +

8 {[ds0,A + Q) 65 — (ke + *okg) 02 4 m (2 - da) 0501 +-

(dske + cokg) 3,2 + Q)] 0, — [doamdy® + (2why + doka) 0301 +

Q] 01 + [Y4x0,A (01 + a) — Ye01A By + b) + Q] us +

[HgdiA (83 + a) + Yskd,A (0 + b) + Qo) up + Im (do0:® +
d802261) + (ka + d72kﬂ) a2612 -+ (1/3A'a + d?skﬂ) 023 -+ Qz] ua} + -

G35 = 03 + t {[2h — 4nH) 0y + 2m (b — dy) + @ (2he —
o)) uy A [(2hq — 4xH) 9, + 2m (@ — 01) + b (Zks —
dnH)) uy + (4xH? — 4kiky) ug — (0, + a) o1 — (0, +
b) 0, — e,Ho,y} + & {{f;A + Qol 05 — [2moy + (2ks 4
f:H) 05 4+ Qo] 0y — [(2ke + frH) 31 4 2md, + Qo] 01 +
[2%A (8, + a) + Q] ua -+ [2%xA (3, + b) + Q) uy —
[4x (AH'0, + BH'0,) + Qol ug} + 2 {lde:A (61 + a) +
91] o, + [dys A ((32 +- b) -+ 91]:02 —+ [eq (ka + l/zH) 9, +
C35M0,01 + calkp + U HY 0,2 + @) 05 — [M/nAA 4 Q)u; +
[—mdods® + 2 (ca5ke + dekp) 00,2 + m (6n + dy) 3,201 +
(dsafl + dsskﬂ) 05 + Qgl up + [(dsaH + dgs k) 0, +
m (6% + dai) 9,301 + 2 (dke + Coskp) 05°0: — mdod,® -+ Q] i} + .-

(A = 02 + ady + 0, + by, (DY) |10 = AD/ O = 01
(D?) lizo = B0/ 0B = 8,)
Here {; denote the operators of order lower than those given (k is the order of the operator

Qy), while a and b are the geodesic curvatures of the coordinate lines and the middle sur-
face. We also use the following set of notations:

1/VE=4, 1/VG =B, @)= —AnB)y —a, &) jime=—B(InA) =b

Cs=(1+ n — 34572, dys=c,5/3, C1s = gy d1g= s, Coa = [
In addition to (2.3), we note other relationships which facilitate the derivation of the
expansions (3.4) and (3.5). We have

(DY) = 2,0 + 22D%, (D¥)¢ = zD?, (2,)¢ = 220 — Dz
(20) li=0 = m, (23) |t=0 = kg, (24) ll=0 == kﬁv (D! + 1) D*= (D? ¢+ z5) DY

Further, we introduce into our discussion the specific forces Ty, §,, N, and moments G, Hy
appearing on the coordinate cross-sections P = const (p % ¢ = 1,2) of the shell. We have

h
Tyipo + Sepieo— Nplo={ § 060 ¥ 820 dt) (V ggq) ™ o po=(ip)lio (3.6)
“h
h

(—1)T (H gpipo 1+ Gpigo) = ( § (00 x 1)tV Eoqdt) (V Zoa) M imo

Oy =P, Op= (Vep— g1zp1) 1V guger ip=(1 — k) igo+ (— DImtin] VG/gsm (p£g=1,2)

Here o, is the stress vector at the surface 2P = const.
Taking into account (1.5) and (2.4) we obtain, from (3.6),
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h
Ny=—1 § (Gpa + 1 (8m0qs — hiagOps) + 12 ['/2Bpm (kpp — kgq) Oas -+ mP0pa (o — )1 + - . Yt (3.7
=h

h h h h
Ty=p | Lydt, Sp—=p S'Mq,,dt, Hp=p S,qutdt, 6,— —p Sthtdt

s
Myp = Otp + t [8ymogq + (—1)7 mOpp — koqOap) + . . ., (har == ko, hyp = k)

Ly = 0pp + 1120, — 1) mogy — kyq 0ppd + ..., (1 + (—1)P = 8,)

Now replacing in (3.7) the stresses oy by the corresponding expressions from (3.4) and (3.5)
and integrating, we obtain the following expressions in powers of A%

Ny = 2uh [ =0, — Mgh® (Chauy + Diyop) + - . ) (3.8)
Sep = 2ph (0 + A:Sppe + ...)
T, = bph (csep + Catq + 505 + B2Tpq + ...)
Hop = *spb® [T + Yikpp o + 2m (coeq + c58p) + Yy (9, — b)X
61+ Yy (61 — @) 0p + mey05 + BPHgpg + ...]
Gy = —*/3ph® Loy + exng + (hpp — kog)(cet, + csgq) +
mo + (0, + fokz) 0p + (Fs0q + Fk7) 0 -+ (fukepp —
foked) Os + B2Gpo + .. .1 (k* = a, k,* = b)
&y = Oplp + ko*ug — kpplty, o = (0, — b) uy + (91 — a) u, — 2mug
T=kp{a— 01) uy + ka (b — 8;) uy — m (&1 + &) — wdim —
u,0,m + (b0, — 018,) uy
xy = Yym [(k* + 8g) up — (bp* + ) ugl — kg* (dqus +
kgquiq + muy) — 0p {Opus + kppup + muy)

i ai j i
Cpo = Aspa — kyedips + SpymAsea

(3.9)

where &€, ®, & and x, T,%; are the components of the tangential and flexural deformation of
the middle surface, respectively.

The expansions (3.2) and (3.8) are of use in constructing a number of applied theories
of various purpose and accuracy. Let us denote by I3 and I'; the parts of the surface S*de-
fined, respectively, by the equations ¢t= 4k and ¢(a, f)=0 where h is the half-thickness
of the shell. Theories which leave the boundary of I'; stress~free and allow the conditions
at the boundary of [, to be satisfied are not dealt with here (see e.g. /5/). Below we
present a method of constructing the theories which will ensure that the conditions at the
boundary of I':1 are satisfied without worrying about the boundary conditions at the boundary
of T,.

Let the vector q defined at the surface I have the form

3 3
= 3 ¢tiy when t=4h, q = 2 g iy when t=—h
st} =1

By virtue of (3.3) we write the boundary conditions on Il in the form

"/ p=0x + 21 W (Afk, b+ Bl 0)), —qi /p=0x 4 D (— h)* (A, u; + B, ;)
8= s=1
and this yields the equivalent system
Qr == (0" —ax") / 20 =0y + h* (Ahx, ou; + Bix, o05) + . .. (3.10)
Pr= (0" + @)/ 20 = h (A, u; + Bix, 105) + B (A, qu; + Bl 505) + . ...

In the case of small Ak, we shall seek the unknown y; and ¢; in the form of the asympto-
tic expansions

uy= 3 b, ;=D ko{® (3.11)
8=0 8=0

Substituting the expansions (3.11) into the equations (3.10) and equating the terms accompany-

ing B (s = 0,1,2,...), we obtain a system of recurrence relations for the functions u,(-s) and

g§5), The relations arising at s=0 and 1 define an applied theory with an error of the
order of h? as compared with unity. We have
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A, i =P, A il = — Bl 105+ o’ =Qn ot =— A (k=1,2,3) (3.12)
Equations (3.12) can be written in a different form by taking into account the relations
Alpau; = 2k* (8, — &) — 20, (Cetp + cag)) — (9, + 2k%) o
Algau; = 2 (katy + kper) — 2¢.H (21 + &) — 2mo (p = g =1,2)
Now, substituting (3.1l1) into the expansions (3.8) and taking into account (3.12), we obtain
Ty = 4p [egep® + c48,®@ 4 R (coep, W + cae® + f,Q4) + . . ] (3.13)
Sop = 2p (0@ 4 hot) 4. . )
Ny = 2uh [—Qp — h (/30,0 — YghkyoPy + H38,mPy) + . . ]
Hop = *apk?® {10+ Ykppol® 4 2m (68, + c;8,) +
AITW 4 Yok 0® 4 2m (cee,® + c58,W) + Yy (0, — b) Q1 +
Yy (01 — a) Qp + meyQs] - ..}
Gy = —3puh? {ce® @ + ca%g©@ + (kp, — kgg)(cetp® + cagy®) +
mo® 4 b lege,® + cgug® + mo® 4 (ky, — kyg) (ce8, 0 -F

543141) + (f7 v + f k *) Op f’xa + fz ]‘ )Qq + (flllmu _fbl‘qu Q;;J + . }

where the quantities &,...,%p®) are determined in terms of the functions u;® according to
the formulas (3.9). In addition we have the expansions
up° = h“lup“’) -+ u,p(l) — L (8pu3(1) -+ k,,pup(“) -+ muq(ﬂ)) —+ ... (3.14)

ug? = h @ - ugth — Cey (849 + &) + . L.
(L=1t/h, U= uip+ ulisg + us'is)

Relations (3.9), (3.12) and asymptotic expansions (3.13), (3.14) with an error of the
order of h' compared with unity, together form a complete refined system of "two-dimensional"
equations of the theory of shells. The applied theory constructed enables us to form an
opinion regarding the accuracy of the theories of thin shells used. In particular, we shall
find how the equations (3.12)= (3.14) agree with the equations of the Gol'denveizer iterative
theory of shells, which can be written using the notation adopted in this paper, in the form

(2! (kggNp + mNy) — hAa‘p, uj=— Pyt b (HQp — 003 + - - - (3.15)
W0 +a) Ny 4 (8, + ) No] + hABd 1 %i= Pa+ e, HQs +
(2WNp + WFpluj = — hQp—+h? (HPp — dgdpPa) L ... (ps=q = 1.2)

where Fp are known operators. The relations (3.15) can be arrived at when the forces 7, Sep
and moments Gp, Hyp defined in the monograph /6/ for the case of tri-orthogonal coordinate
system by the equations

Tp = 4ph (ci€p + c48q + [:Q3), Sgp = 2pho, Hep = auh® (1 + Ypkpo) (3.16)

Gy = — Ysph® legnp -+ cantg + ¢g (kp ~— ko) €p =4 ca (cell — kg}(€y +- 82 + k7sPsls (p g =1, 2, kpp = kp, m = 0)

are expressed, in the equations of equilibrium, in terms of the displacements u; of the middle
surface, and the terms containing the intersecting conditions N, are retained.

Seeking the unknown u; and N, in the form of expansions

s~1,,(s N $+147(%)
uy = D)k 1b§s), Ny = 3 BN (3.17)
§2=0 =0

and substituting (3.17) into (3.15), we obtain a system of equations which yield, at small &,
the relations

A;k o0 = Py, Al = —BL 05k =1,2,3), Np= 2uh[—Qp— b (Fpol) — HPp < dedpPs) -+ .. 1 (3.18)

If the functions ;¥ and ;¥ are subjected to the same boundary conditions, then, equating
(3.12) and (3.13) with (3.18B) we can establish that u;® =y (s=0, 1), while the only co-
incident terms in the intersecting forces N, are the principal terms of the corresponding
asymptotic expansions.

Further, substituting (3.17) into (3.16) and taking into account

uf = v (s = 0,1), fsPas = ¢ (kpeq'® - keep®) — caceH (£ + £,
we obtain
Hyp = Yaph (1 1, Fpo® b (T - g koM 4 L] (3.19)
Tp = 4 [e@p® 4 08 - b (eaenV 1 g™ 4+ 1,00 4 .y Sqp = 20 (@ 4 hotV )
Gp = —auh? {eoey® + cotg® | (kp — k) (ceep® - e8y/¥) 1
Blegup® -k ety - eg (hp — k) £pV - ¢y (el — kg) ( e,,(”+e,“’)l i pRg=1, 2
Equating (3.19) with (3.13) we find, that for the case m --0. kup =k, the forces Tp and S

determined according to various theories, show the same error of the order of »* compared with
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unity. As regards the moments G, and Hgp, here we observe that only the principal terms of
the corresponding expansions coincide. Finally, comparing the displacements u;? described
by the iterative theory with the expansions (3.14), we can establish that they both are of
the same accuracy.

Thus, comparing the theory constructed here with the Gol'denveizer's iterative theory,
we find that the accuracy of determination of the quantities N, G, and Hgp is improved by
one order of magnitude.
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